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Abstract. In this sequel we extend the derivation of the third order helicity to magnetic 
fields supported on unlinked domains in 3-space. The formula is expressed in terms of 
generators of the deRham cohomology of the configuration space of three points in R 3 , 
which is a more practical domain from the perspective of applications. It also admits an 
ergodic interpretation as the asymptotic Milnor //123-invariant of orbits of the field. 



1. Introduction 

In the recent work [10] author derived a formula for the third order helicity H 123 (i?; T) of a 
volume preserving vector field B on unlinked domains T in S 3 (illustrated on Figure [1]) . A 
purpose of this note is to extend these formulas to perhaps more natural, from the perspective 
of fluid dynamics, setting of 3-space M 3 . It may seem at first like a minor improvement since 
S* 3 = IR 3 u{oo}, but from perspective of applications there is a qualitative difference, because 
the new formula involves familiar Green forms which are generators of the cohomology ring 
of the configuration space Conf 3 (lR 3 ) of three points in flat M 3 . As a crucial step we obtain, a 
very practical integral for Milnor /2123-invariant of 3-component Borromean links in M 3 . The 
helicity invariants measure topological complexity of the flow and are relevant in the context 
of e.g. plasma physics where B is a magnetic field frozen in the velocity field v of plasma 
because it satisfies 

= V x (v x B) . 
dt y ' 

We refer the reader to (2J [H [3], for the background material on helicity invariants and more 
specifically to Problem 7.18 posed by Arnold and Khesin in j2[ p. 176]. Our approach to 
formulation of Hi23(i?; T) is to interpret this invariant as an asymptotic Milnor /2123-invariant 
of triples of orbits of the vector field B, in the style of Arnold (c.f. [1]). 

Throughout the article we use the convenient language of differential forms and work in 
smooth category, unless stated otherwise. We begin by introducing necessary facts about 
topology of the configuration space Conf 3 (M 3 ) in Section [2j then we turn to a derivation of 
suitable integrals for the Whitehead products in Conf 3 (IR 3 ) which in Section H] lead us to a 
new formula for P123. In the last section we review the method of paper [10] in the new 
setting. 
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2. Background on Conf 3 (IR 3 ). 

We denote by Conf n (X) a configuration space of ordered distinct n points in a space X 

Conf„(X) := {(xi, . . . , x n ) G X n \ x; ^ Xj if i ^ j}. 

In this note we almost entirely focus on the case X = M 3 . Following [6J we set e to be the 
unit vector (1, 0, 0) in M 3 and define 

qi = (0,0,0), qi = q 1 + 4(i - l)e, Qi = {q u ■ ■ ■ , g*}, Qo = & ■ 

The following spherical cycles on Conf 3 (M 3 ) are of fundamental importance 

Aj ■ S 2 — > Conf 3 (M 3 ), l<j<i<3 

Ai'-t; — ► (gi,gi + C>?s), ^32 : £ — > (.Qx, 02,02 + 0> ^31 = f — ► (91,32,91 + 

and we denote their respective homotopy classes in 7r 2 (Conf(IR 3 )) by a^. Consider projections 

IU :Conf 3 (R 3 ) — ► Conf 2 (M 3 ), 

(2.2) 

rii(xi,a;2,x 3 ) = (...,%,...), i = 1,2,3, 

defined by skipping the z-th coordinate factor. Because Conf 2 (K 3 ) is diffeomorphic to M 3 x 
(IK 3 — {0}), (via ((xi, x 2 ) 1— > (xi, x 2 — xi)) it has a homotopy type of S" 2 . Directly from the 
definition o are degree one maps when i,j 7^ k, or null homotopic whenever i = k 
or j = k. Results in [5J H] tell us that every nj is a fibration which admits a section. In 
particular choosing i = 3, we obtain the fibration diagram 



Conf 3 (R 3 ) < Conf^M 3 - Q 2 ) = M 3 - Q 2 = S 31 V 5 32 



(2.3) 



n 3 



Conf 2 (M 3 ) = 5 2 i 



where by Sy we denote the images: Aij(S 2 ) C Conf 3 (M 3 ), obviously we may choose to fiber 
over each Sij separately. As an immediate consequence, we obtain [151 P- 189] 

(2.4) 7r fc (Conf 3 (R 3 )) = n k (S 21 ) © n k (S 31 V S 32 ), 

thus in particular for k = 2, we conclude that generate 7r 2 (Conf 3 (IR 3 )) = Z©Z©Z. Next, 
we describe a structure of the deRham cohomology ring of the configuration space, [I]. For 
x = (x, y, z) G M 3 \ {0} we define a closed differential 2-form 

1 x dy A dz + y dz A dx + z dx A dy 

u(x) := —p, , 

47T x 3 
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which is a volume form on the unit sphere in S 2 C M 3 , normalized so that J s2 uj(x) = 1. 
Define the Green form uj^ by 

(2.5) Uij := Lu(xi - Xj), i > j, 

which is a closed 2-form on Conf 3 (lR 3 ). In the vector notation 

cu lJ (x u x 2 ,x 3 )(X 1 Y) = (Xt ~ Xj,X ; y) , X,Y E TR 3 . 

| JU 2 J | 




Figure 1. Sample unlinked handlebodies {Ti,T 2 ,T 3 }. 

Every tOij defines an integral cohomology class tpij := [wy] and is dual to cycles [Aj]- 
It is known, [3], that the cohomology ring if^ R (Conf n (R 3 )) is generated integrally by if;^, 
1 < j < « < 3 with relations 

^31 ^32 = ^21 (^32 - */>3l), 

(see also [6j p. 101]). The last relation on representatives u)^ reads 

w 2 i A u; 32 - u; 32 A u 31 - uj 31 A cj 2 i = 

(2-7) 

Ui2 A W23 + ^23 A UJ 31 + W 31 A W12 = O0123, 

for some smooth 3- form 0i23- 

3. Integrals for the Whitehead products in Conf 3 (R 3 ) 

Our goal in the later section is to understand 7r 3 (Conf 3 (R 3 )) in the context of so called link 
maps (see Section 0J. Among relevant generators of this group are the Whitehead products 
of ctjj's (c.f. [IS])) thanks to the decomposition in (12.41) . In this section we aim to obtain 
suitable integrals for these Whitehead products and we begin by introducing appropriate 
definitions. 
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Let D p denote a p dimensional disk in R p+1 , given two continuous maps 

f k :(D p \dD^)^(X,x ), A; =1,2 
into a pointed topological space (X, xq), the Whitehead product of f\ and fi is the map (c.f. 

TO 

[A,/ 2 ] : 0(1^ x D P2 ) - 5 P1+P2 - 1 — > (X,x ), 

defined as follows 



(3.1) [/i,/2] (2:1,^2) := 



/i(xi), x 2 e^ : 
/ 2 (x 2 ), Xl edD*, 



(recall ^(r^ 1 xD») = &D Pl x D p * U D Pl x aD»). The operation [, ] : vr Pl (X) x n P2 (X) 



IT 



PI 



+P2 -i(X) is well defined and turns the vector space vr*(X) (g) R into a graded Lie algebra 
over R (c.f. [1]). In the following proposition we extend calculations in [7j to define an integral 
detecting certain Whitehead products in the configuration space Conf 3 (R 3 ), (this calculation 
can be considered as a precursor of more advanced theory of analytical homotopy periods 
developed by Novikov in [T3]). 

Proposition 3.1. For any f : S" 3 — ► Conf 3 (R 3 ) define 



(3.2) 1(f) := / (f*u 12 A 7723 + f*u 23 A 7731 + f*co 31 A Vl2 ) - / /> 123 , 

where forms f*u)ij are exact and drjij := f*u>ij. Then, 

(i) 1 is independent of the choice of "potentials" rjij. 
(ii) T G Hom(7r 3 (Conf 3 (]R 3 )), R) and satisfies 

X([«i2, 023]) = 2T([«23, «3i]) = I([a 3 i,a 12 \) = 1, 
( ' } J([a ii ,a ii ]) = J l<j<i<3. 

Proof. First we show that I is independent of choices of potentials % 's, let 77- • be different 
potentials, then ^(77^ — 77^) = — = and we may calculate 

1(f) - T'(f) = W f* u *i A (Jljh ~ rf jk ) = W A fa* - »£*) 
ij,fc Js3 i,j,k Js3 

= y\ / %• a rf(77 jfc - 77^) = 0, 



where in the third identity we applied Stokes Theorem. To show that X is a well defined 
homomorphism we show invariance under homotopies. Let F : I x S 3 — > Conf 3 (R 3 ) be a 
homotopy between F and Fi, define fjij = d~ x F*ujij on S 3 x I. By Stokes Theorem and (i), 
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(where the sum under integral is abbreviated by E): 
(3.4) 

X{Fx) - X(F ) = / (J2 FMi A Vjk - i^ias) - / (E F o^i A Vjk ~ F5<ha) 

JS 3 x{l} Js 3 x{0} 

= / d(F*uJi2 A 7723 + F*u>23 A 7713 + F*u 13 A 7712 - F*0i 23 ) 
JS 3 xI 

= / (^12 A df]23 + UJ23 A drj n + u> 13 A dfj 12 - #123) = 0, 

JF(S' A xI) 

because of drjij = LUij and Equation (12.71) . Since additivity is a direct consequence of 
additivity for integrals and the definition of + in 7r n (-), X is a well defined element of 
Hom(7r 3 (Conf 3 (R 3 )),R). 

For Equations (I3.3p . consider / = [/i,/-?] as defined in (13. ip for pi = p 2 = 2, and let 
7Tj : Di x D 2 1— > -Dj 7 = 1, 2 be projections onto each factor Di = D 2 , and j : S(-Di x D 2 ) 1— > 
Z?i x D 2 be a natural inclusion. According to (13. ip we have 

since every 2-form tt*/^^ + Tr^f^ij is closed and thus exact on D\ x D 2 - Let 77^ define a 
smooth potential 

(3.5) (% = TTi/i^ + 7ra/£wij, 

clearly 4/*%- = f*tOij- We calculate by applying Stokes Theorem and (13. 5p 

X(/) = / (/Via A 7723 + /*o; 23 A 7/X3 + f*u) 13 A 77^ - /V123) 

Jd{D 1 xD 2 ) 



D 1 xD 2 

= / (y.i^ifi K' A Wjfc) + TtzfZiuij A Wjfc) - (vTi/i^m + ^2/2^123)) 
7o lX o 2 

+ / (5^(^1/1 A nlfzLjjk + irZfiwij A itlf*Wjk)) ■ 

J Di xDo 



The first integral in the above identity vanishes because of Equation (12. 7p . The second 
integral is equal to 

JDi JD 2 JDi Jd 2 

= (wi 2 (/l)W23(/2) +W 23 (/l)Wl2(/a)) + (^23 (/l) ^13 Ok) + ^(/l V23C/2)) 
+ (wi2(/i)wis(/2) +Wi 3 (/l)Wia(/ 2 )), 

where 0Oij(f) = j s2 f*^ij- Identities in (13.31) . now follow from the definition of in (12.11) 
and (j2SD. □ 
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Remark 3.2. The argument in [7J "runs" as follows let lu% and uj 2 be closed differential 
forms of degree p\ and p 2 , such that u)\ A uj 2 = 0. Consider spherical cycles fj. : S Pk — > X, 
k — 1, 2, it is shown in [7] that for any / : gw+P 2-1 — > X the integral 



(3-7) J<wMf\) 



J SP1+P2- 1 J SP1+P2- 1 

where = dr]^, k = 1,2, defines an element of Hom(7r pl+P2 _i(X); R) satisfying 

(3.6) ^ 2 )([/i, /a]) = "itfiM/a) + (-ir^i(/ 2 )^(/i), 

In particular for X = S p let w be a volume form, such that J SP uj = 1, and let f : S p S p 
be a degree one map. Then Equation (13.61) implies 

p= 2k + 1, 
p=2A;, 

Thus for even p, [/, /] : S 2p ~ l — > is twice the Hopf map. 

4. MlLNOR /^-INVARIANT FOR BORROMEAN LINKS IN R 3 . 

Denote a parametrized n-component link in R 3 by L = {Li, L 2 , . . . , L n }, (where Lj : S 1 i— > 
R 3 , such that L^S 1 ) fl L^S 1 ) = 0, i ^ k), and let Links(n) be the set of such n-component 
links. We define a iinfc map, (c.f [01 [H]) as follows 

F : Links(n) — ► Maps((5 1 )™, Conf„(M 3 )) 

(4.1) F(L) = F L : (S'r — > Conf n (R 3 ), F L := L x x . . . x L n . 

Clearly, deformations of L in R 3 yield homotopies of the associated Fl, as a result homotopy 
invariants of Fl provide invariants of L, since Conf n (R 3 ) is 1-connected the set of based 
homotopy classes is in bijective correspondence with the set of base point free homotopy 
classes, [15]. One may in fact obtain the classical Milnor //-invariant this way, to demonstrate 
we review the Gauss formula for the linking number of a 2-component link L = {L 1; L 2 } in 
R 3 . Denote parameterizations of components by L\ = {x(s)}, L 2 = {y{t)} and consider 

Fl '■ S 1 x S 1 Conf 2 (R 3 ) S 2 , L{s, t) = (x(s),y(t)) . 

where r(x,y) = \ZZy» is a retraction of Conf 2 (R 3 ) onto S 2 . This yields the classical Gauss 
linking number formula 

(4.2) fi 12 (L 1 ,L 2 )=deg(F L ), deg(F L ) = / F* L (u), 

Js 1 xS 1 

where v G Q 2 (S 2 ) is the area form on S 2 . Consequently, the linking number \k(Li, L 2 ), also 
known as the Milnor /^-invariant, can be obtained as the homotopy invariant of the map 
Fl associated to L. In the following we focus exclusively on the 3-component case, in the 
context of recent results, [TUl [5] obtained for 3-component links in R 3 . 

Consider a 3-component link L = {Li, L 2 , L 3 } in S 3 parametrized by {x(s),y(t), z(u)} 
and the link map 

(4.3) F L : S 1 x S 1 x S 1 Conf 3 (S 3 ) S 2 , L(s,t,u) = (x(s),y{t), z{u)), 
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where H is a projection on the second factor of Conf 3 (,S' 3 ) = S 3 x S 2 , and can be defined 
with help of quaternionic structure of S 3 as follows [5] 

,A A s P f/C 3^/ \ H pr(x- 1 • y) - pr^ -1 ■ z) 2 

(4.4) Conf 3 (S ) 3 (x, y, z) — - ^ - - ^ e 5 , 

where • stands for the quaternionic multiplication, _1 is the quaternionic inverse, and pr : 
S 3 — > M 3 the stereographic projection from 1. 

Theorem 4.1 ([I0j[5]). Lei L = {Li,L 2 ,L 3 } be a 3-component Borromean link in S 3 , then 
the associated map to Fl '■ S 1 x S 1 x S 1 — > S 2 defined in (14. 3 p homotopic to ±2/2i2 3 x 
i/je Hopf map, (where the sign depends on the orientation of components). 



The next theorem of this section extends the above result to links in 



p3 



Theorem 4.2. Let L = {L 1; L 2 , L 3 } fre a 3-component link in R 3 , then the associated link 
map F L : S 1 x S 1 x S 1 — ► Conf 3 (IR 3 ) defined in (j4TTl) satisfies 

(4.5) deg(F i | 5lx5l ) = lk( J L J ,L J ) . 

In addition, whenever L is Borromean (i.e. lk(Lj, Lj) = 0, 1 < i ^ j < 3) Fi is homotopic 
to /2i23X one of the Whitehead products [0:32,031], [031, 021] ? —[032,021]- As a result the 
integral defined in (13.21) yields 

I(F L ) = ±/2 123 (L) . 

Proof. The proof of (14 .5p is immediate from the definition of the linking number in (14. 2p . 
To prove the second assertion we consider the inclusion 

j : R 3 — > R 3 U {00} = S 3 , 

which induces the inclusion on configuration spaces 

j : Conf 3 (M 3 ) — ► Conf 3 (S 3 ) . 

As a first step, using the methodology in [HE], we will calculate the induced homomorphism 

7T 2 Q) : 7r 2 (Conf 3 (M 3 )) — 7r 2 (Conf 3 (S 3 )). 

Recall that 7r 2 (Conf 3 (IR 3 )) = Z © Z © Z is generated by classes represented by and 
7T2(Conf 3 (S' 3 )) = Z is generated just by one class a represented by S 2 factor in Conf 3 (S' 3 ) = 
S 3 x S 2 . Let us denote 

(4.6) (3y = 7r 2 (i)(ay), 

clearly, = a, G Z and we must determine the coefficients a^. 

Observe that the symmetric group S 3 acts on both Conf 3 (M 3 ) and Conf 3 (S' 3 ) by permuting 
the coordinate factors, and the inclusion map j is equivariant with respect to this action. 
For our purposes we only need to find out the action of the transposition (23) on a 3 i and 
ct 3 2. We claim the following identities 

(4.7) (23)ct 32 = -a 32 ( 23)a 3 i = a 21 . 
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To justify we calculate on representatives in (12.11) 

(23)A 32 : £ — (23)(ft, ft, ft + £) = (ft, ft + £, 92) 
(23)^31 : £ — > (23) (gi, ft, ft + = (ft, ft + 6 ft) • 
Consider the homotopy 

G:t ^(ft,ft + (l-t)e,ft-*0, *e [0,1] 

Notice that G is well defined in Conf 3 (M 3 ), because q 2 + (1 — £)£ = ft — ££ implies £ = 
which contradicts £ G S 2 . This homotopy connects Go = (ft, ft + £,ft) = (23)v4 32 and 
G\ = (ft, ft, ft — £) = —^32, which shows the first identity in ( 14. 7(1 . To see the second 
identity consider the homotopy: G' : £ — > (ft, ft + £, (1 — £)ft> + £ftO, £ £ [0, 1]. 

Recall the fibration Diagram (12. 3p . obviously the image of the fiber M 3 — {ft, ft} under 
inclusion j is in (M 3 U {00}) — {ft, ft} C Conf 3 (S' 3 ) implying the following relation 

/?3i + /?32 = 0, in 7r 2 (Conf 3 (5 3 )) . 

Applying (14. 7\i to the above equation we obtain (3 2 i ~ P32 = 0, hence 

fti = &a = -/?3i m 7r 2 (Conf 3 (S 3 )) . 

Thanks to the map defined in (14.41) we observe that (3 2 \ = a and 

Tr 2 (j){a 21 ) = a, vr 2 (j)(a 32 ) = a, ir 2 (j)(a 31 ) = -a, 

thus coefficients in ( 14.61) are a 2 \ = a 32 = — a 3 i = 1. Let h : S 3 ^ Conf 3 (5' 3 ) = S 3 x 5 2 be a 
map such that p± o /i is null and p 2 o h is homotopic to the the Hopf map (where is the 
projection onto the zth factor in S* 3 x S 2 ). Because the Whitehead product is natural, [151 
p. 473], we obtain 

^3 0')( [Q!32,Q!3i]) = [«,-«] =-2[h], n 3 Q)([aaa,a 2 i]) = [a, a] =2[h], 

(4.8) 

7T3(i)([«3i,a2i]) = [-a, a] = -2[h), 

where we used the fact shown in Equation (13. 7p . In 7r 3 (Conf 3 (IR 3 )) the following identity, 
known as Yang-Baxter relation, [9], holds 

(4.9) [a 3 2,«3i + ^32] = 0, 

just consider a map </> : S 2 x S 2 — > Conf 3 (IR 3 ), 4>(£i,£ 2 ) — (ft, ft + £i,ft + 5£ 2 ), [6]. It is 
easy to see from the formulas in (12.11) that 

H '■= <P\s 2 x{*} = «21, k ■= 0|{*}x5! — "31 + «32, 

therefore (14. 9p immediately follows from the naturality of the Whitehead product and the 
fact that0 [zi, i 2 \ = in tt 3 (S 2 x S 2 ). Thanks to (jM]) and (HZD we obtain 

(4.10) [032,031] = [031, «2l] = -[«32,«2l] • 



It is a direct consequence of the definition of the Whitehead product as an attaching map of the 4-cell 
to the 2-skeleton S 2 V S 2 in S 2 x S 2 . 
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Next we need to prove why the link map Fl associated to a Borromean link L is represented 
by the above Whitehead products. Because of (14.51) . and \k(Li,Lj) = 0, F L can be homo- 
topied to a map Fl constant on the 2-skeleton of (S 1 ) 3 and thus represents a class in 
7r 3 (Conf 3 (R 3 )). Since any IT o Fl is null homotopic we obtain 

(4.11) ~f L e ker(7r 3 (n)), 7r 3 (n) : ^ 3 (Conf 3 (M 3 )) — ^ 3 ((Conf 2 (M 3 )) 3 ), 

where IT = IT x IT 2 x II 3 , and Ut were defined in ( 12.21) . Recall that fibration IT admits a 
section thus 7r 3 (Conf 3 (R 3 )) 2* tt 3 (S 21 ) © ti 3 (S 31 V S 32 ), H3 P- 189]. Group k 3 (S 2 i) = Z is 
generated by a Hopf map h 21 . The group ^(S^i V S 32 ) — Z © Z © Z is generated by Hopf 
maps h 3 i, h 32 and the Whitehead product [a 32 ,a 3 i] (which immediately follows from the 
split short exact sequence i-> vr 4 (S 2 x S 2 , S 2 V S 2 ) i-> n 3 (S 2 V S 2 ) 7r 3 (S 2 x S 2 ), [12 p. 
492]). We expand 

h = cxh 2 i + c 2 h 31 + c 3 h 32 + c 4 [a 32 , a 31 ], c k E Z . 
Since 7r 3 (nj)(/iy) = hy for all 1 < j < i < 3, (14. lip tells us that c\ = c 2 = c 3 = and 

/i = c 4 [a 32 ,a 3 i]. 
Theorem 14.11 and Identities (14.81) yield 

±2p 123 [/i] = 7r 3 (?)(/ L ) = 2 C4 [h], 

C 4 = ±pl23 ■ 

Claims of Theorem 14.21 now follow from (I4.10p and Lemma 13.11 By analogous argument as 
in ( 13.41) we may evaluate the integral (13. 2p directly on the torus (5" 1 ) 3 to obtain 

(4.12) /2 123 = ±I(F L ) = / (F* L u 12 A a 23 + F* L u 23 A rj 31 + F* L u 31 A rj 12 - F£0 123 ) , 

where rjij satisfy drjij = F£uij. □ 

Remark 4.3. By applying standard identities for Chen iterated integrals we my easily see 
that (I4.12p represents Chen's iterated integral proposed by Toshitake Kohno in [5J p. 155]. 

5. The third order helicity on unlinked invariant domains in R 3 

Methodology developed in [TU] can be now directly applied to the integral in (14.121) to obtain 
the following formula for the third order helicity 

H123CB; T) = / ^123 A L Bl fl 2 A L B2 fll A L Ba fl 3 , 

(5 1) T 

v ' ; wi 23 = u 12 A r/ 23 + ^ 23 A 7731 + L0 3l A 7] 12 - 123 , 

doiij = Uij, on % x Tj 

The domain T of integration in (15.11) is assumed to be an invariant unlinked domain of B, 
[TP] . In the simplest case T is a product of disjoint compact solid handlebodies 7jCl 3 (as 
on Figured]) such that every pair of 1 dimensional cycles in H l (T) has linking number zero. 
Generally, an ^-invariant set is defined in [10] to be a union of products of orbits of B in 
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(M 3 ) 3 . An invariant unlinked domain is an arbitrary ^-invariant set, with topological closure 
T which belongs to a larger product of disjoint open sets T = ^ x T 2 x T 3 which satisfies 

(A) T admits a short path system S, 

(B) every pair of 1 dimensional cycles in Hi(T) has linking number zero. 

By a system of short paths on T, [TJJ [2J, we understand a collection of curves S = {(Ti(x, y)} 
on each open set % such that for every pair of points x, y G % there is a connecting curve 
o~i(x,y) : I I— ► %, o"j(0) = x and <7i(l) = y, and the lengths of curves in S are uniformly 
bounded above by a common constant. 

Given T > we introduce the following notation 

(5.2) 0^{x) = {¥ t (x) \0<t<T}, & l T (x) := G l T {x) U a(x, ¥(x, T)), 

where o~i(x,y) G S. Because the methodology in [10] is independent of a particular integral 
for p,\23, as a result we may reiterate the following theorem from in the new context. 

Theorem 5.1. On every unlinked invariant domain T of B in M. 3 , Hi 23 (B;T) is 
(i) independent of a choice of the potentials . 

{%%) invariant under the action of SDiff (S' 3 ) ; i.e. for every g G SDif (M 3 ).' 

(5.3) H 123 (B;T) = H 123 (g*B;g(T)) . 

(Hi) Moreover, H 12 3(i?;T) admits the following ergodic interpretation as an asymptotic 
fii23-invariant of orbits of B. For almost every (x,y,z) G T the following limit exist: 

(5.4) m B (x,y,z) = lim l- fil23 (^( x ), 0* (y) , 0* {y)) , 
and 

(5.5) H 123 (B;T) = J m B {x, y, z) fj,(x) A /i(y) A fj,(z) . 

For the detailed proof of above theorem we refer the reader to [TU]. We comment that the 
Formula (15.11) leads to the L 2 -energy bound for B in M 3 which can be derived analogously 
as in [TO] . 
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